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Abstract 

In this paper, we compute the first two equivariant heat kernel coefficients 
of the Bochner Laplacian on differential forms. The first two equivariant heat 
kernel coefficients of the Bochner Laplacian with torsion are also given. We also 
study the equivariant heat kernel coefficients of nonmininmal operators on dif- 
ferential forms and get the equivariant Gilkey-Branson-Fulling formula. 
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1 Introduction 

In [Dol], Donnelly computed heat kernel coefficients of the Bochner Laplacian with 
torsion on differential forms. In [Do2], the equivariant heat kernel asymptotics of the 
Laplacian on functions was established and the first two equivariant heat kernel coef- 
ficients were evaluated. Donnelly's results were used to study the asymptotic expan- 
sion of the heat kernel for orbifolds in [DGGW]. On the other hand, in [GBF], Gilkey, 
Branson and Fulling studied the heat equation asymptotics of nonmininmal opera- 
tors on differential forms and computed the first two heat kernel coefficients. In [AV], 
the heat kernel expansion for a general nonmininmal operator on the spaces C°°(A fc ) 
and C°°(A p,q ) was studied. In [Gi], Gilkey studied the heat kernel asymptotics of 
nonmininmal operators for manifolds with boundary. In [PC], the Gilkey-Branson- 
Fulling formula was generalized to the case of the /i-Laplacian. The purpose of this 
paper is to compute the first two equivariant heat kernel coefficients of the Bochner 
Laplacian and the Bochner Laplacian with torsion on differential forms and give the 
equivariant version of the Gilkey-Branson-Fulling formula. We firstly compute the 
first two equivariant heat kernel coefficients of the Bochner Laplacian on differential 
forms which are given in Section 2. In section 3, we give the first two equivariant 
heat kernel coefficients of the Bochner Laplacian with torsion on differential forms. 
In Section 4. we prove the equivariant Gilkey-Branson-Fulling formula. 
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2 The computation of the equivariant heat kernel coef- 
ficients 



Let M be a compact oriented Riemannian manifold of dimension d and T : M — > M 
be an isometry preserving orientation with fixed point set f2. f2 is the disjoint union of 
closed connected submanifolds N of dimension n. Let TM and T*M be the tangent 
and cotangent bundles and let A p be the bundle of exterior p-forms over M and A 
be the Bochner Laplacion associated to the Levi-Civita connection on A p . T induces 
a map T* on A p which commutes with A. If A is an eigenvalue of A, then T* maps 
the A eigenspace into itself. We shall be interested in the sum J2x Tr(T^)e _tA , t > 
where Tr denotes the trace. Using the same discussions of Theorem 4.1 in [Do] (also 
see [Gil]), we get 

Theorem 1 Let T : M — > M be an isometry with fixed point set fl. Then there is an 
asymptotic expansion 

oo „ 

]T Tr(T A *)e- tA ~ ]T (47ri)-f Yl tk / b k(T, o)dvoW(a), t -> 0, (2.1) 

where the functions bk(T,a) depend only upon the germ of T and the Riemannian 
metric of M near points a G N. 

Let Ui(x,y) be the i-ih term of the asymptotic expansion of the heat kernel of 
e~* A and A denote the endomorphism induced by T on the fibre of the normal bundle 
over a and B = (I — A) -1 . Let Un be a sufficient small tubular neighborhood of N 
and -ir : Un ^ N be the projection. Let x be coordinates for a normal coordinate 
chart on 7r _1 (a) for a £ N and x = x — T(x). Let dvoljy(x) = ^(^^(^^volA^a)). 
By the Morse lemma, one can find a smooth coordinate change so that (see Appendix 
in [Do]) 

d 2 (x + T(x),T(x))=j2yf = \y\ 2 - 
i=i 

Let \J(x,y)\ denote the absolute value of the Jacobian determinant of this change of 
variables. Let D y = Yh=i and 

hi{x{y)) = \detB\tr[T* Ui (T(x),x)]\J(x,y)^(x), (2.2) 
then by the same discussions as in [Do], we have 

b k (T,a) = j2jai(h k _ j )(0). (2.3) 
j=o J - 

Let r(y,x) : A p — > A p be the parallel transport along the geodesic curve from x 
to y. Fix x and suppose y is in some normal coordinate neighborhood Wj of x and 
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9ij = g(d/dv)i,d/dwj). By Chapter 2 in [BGV], we have uo(y, x) = (detgij) 4 r(y, x). 
By (2.3), 

b Q (T,a) = \detB\ti[T*u Q (T(a),a)] = |detB|tr[T a *| AP ]. 
We write A = ^ ^ Jj* ^ an< ^ define 

A p l(#i A • • • A 0„) = I^i A ■ ■ ■ A A0 P , (2.4) 

then 

tr[AM]= E E E ^tA hh ...A ipilpi (2.5), 

0<pi<p n+l<ji<---<i P1 <dii,---,ip 1 

where e! 1 ' '! P1 is the generalized Kronecker symbol and 

6 (T,a) = [detS|tr[A p i]. (2.6) 

By (2.3), 

6i(T,a) = |detB| (MO) + n y (tv[T*u (T{x),x)}\J{x,y)\^(x)){0)) . (2.7) 

Denote ro = J2t b=i Rabab an d p a b = Sc=i -^acfec the scalar curvature and Ricci tensor 
of M. By Lemma 4.8.7 in [Gil], 

ui(«»«) = ?, (2.8) 
6 

so 

MO) = tr[T a *MT(a),a)] = ^tr[A p i], (2.9) 
By the Taylor expansions in page 169 in [Do], we know that 

d_ 

dyi ]y= 
so 

n y (tv[T*u o (T(x),x)]\J(x,y)\iP(x))(0) = a y (tr[T*T(T(x),x)])\ y=0 

+tr[AM]n y ((det^)"3|J(x,y)|^(x)) (0). (2.11) 

In the following, we adopt the convention of summing Greek indices 1 < a, (3, 7 < n 
from 1 to n and Latin indices n + 1 < j, fc < d from n + 1 to d. By the computations 
in [Do,p.l70], we know that 

U y ((det^)~*|J(z,y)|Y>(x)) (0) = ^p kk +^R iks hB ki B hs +^R ikth B kt B hi -R kaha B ks B hs . 

(2.12) 

Now we compute tr [T*t(T(x), x)]. Let E = (E±, ■ ■ ■ , E^) be an oriented orthonormal 
frame field in a neighborhood of a such that for x G N, E±(x), ■ ■ ■ , E n (x) are tangent 
to N while the vector fields E n+ i(x), ■ ■ ■ ,E^{x) are normal to N and E is parallel 



=0 ((det gij )- l *\J(x,y)\iP(x)) = 0, (2.10) 
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along geodesies normal to N and dT is expressed as a matrix-valued function A(x) as 

dTE(x) = E(Tx)A(x). Then A(a) = ^ q A ) ' Let X = 6XPa (^=™+ 1 x *^( a ' 

By Lemma 3.1 in [LYZ], A{x) = A(a). We consider A P (T*M) as the associated bundle 
SO{T*M) A p (R n ) where the action fi is defined by (2.4). Let a = {E{, ■ ■ ■ ,E*) 
be the local section of SO(T*M) on V. Then a local section of A P {T*M) on V can 
be expressed as [(a, /)] where / : V — > A p (R n ) be a smooth function. Let 

r[(<T(Tx), C )] = Hx),f(x)c)], (2.13) 

where T*(x) : F -» End(R n ). Let 

r(Tx,x)[(a(x),c)} = [(a(Tx),r*(x)c)}. (2.14) 

Then T (x) = A P A is a constant matrix-valued function. As in [LYZ, p. 575], define 
the oriented frame field E Tx over the patch V by requiring that E Tx (Tx) = E{Tx) 
and that E Tx be parallel along geodesies through Tx and a map $ : V — > so(c2) by 
£ r *(x) = £(x) e *(*). Then E*' x (Tx) = E*(Tx)e~^ x \ that is 

t{Tx, x)a{x) = a{Tx)e~^ x \ (2.15) 
so r*(s) = A^e-*^). By Lemma 3.3 in [LYZ], $ = ^ ° ° and 

1 „ 

= --A rl xix s R rsij (a) +0(\x\ ), 

By Xi = BijTj and xj = yj + 0(|y| 3 ), so 

Vij(x) = -^A r iBi k B sq R rsij (a)y k y q + 0(\y\ 3 ). 

e -*(*) = l-$(x)+0(|xj 3 ). 
tr[T*r(T(x), x)] = tr[A p (H^)] = tr[A p (i(l - $(x)))] + <3(|x| 3 ), (2.16) 

C := n y (tr[A p (W)])\ y=0 = E E E 4;-'-t E W hn ■ ■ ■ W ls _ lts _ L 

5=1 l<ii<---<i p <d h,---,l p s=l 

a 2 

■(^l^jJ^+iWi • • • WM P lf=o 
= E E E £ »i',-% E ^i'i ' ' ' Ai s _ 1 i s _ 1 A is+1 i s+1 ■ ■ ■ A ip i p A r iBisB v sA m i s R rvm i s 

8=1 l<ii<---<ip<dli,---,l p s=l 

d—n pi 

= E E E E £ ii,--,ip\ E^i'i " ' A i s -ih-i 

5=1 l<pi<pn+l<ii<---<i P1 <dh,---,l P1 s=l 



4 



'Ai s+1 i s+1 • • • Ai p ^i p ^A r iBisB v sA m i a R rvm i a . (2-17) 
So by (2.5), (2.7), (2.11), (2.12) and (2.17), we get 

b 1 (T,a) = \detB\ |c + tr[AM](^ + ±p kk 
+-^RikshBkiB hs + -RikthBuBhi - RkahaBksBhs)^ ■ (2.18) 



Theorem 2 The coefficient b k (T, a) of Theorem 1 is of the form b k (T, a) = \detB\b' k (T, a) 
where b' k (T,a) is an invariant polynomial in the components of A, B and the curva- 
ture tensor R and its covariant derivative at a. In particular, bo(T,a), b\(T,a) are 
determined by (2.6) and (2.18). 

Remark Theorem 2 can be used to evaluate the heat kernel coefficients of the Lapla- 
cian on forms on orbifolds as in [DGGW]. 



3 The computation of the equivariant heat kernel coef- 
ficients of the Bochner Laplacian with torsion 

The Levi-Civita connection V is the unique torsion zero connection on TM which 
preserves the metric. More generally, let T : TM x TM — > TM be a skew-symmetric 
linear map, i.e. T(X,Y) = —T(Y,X). Then there is exactly one metric-preserving 
connection V = V+Q on TM with torsion tensor T. Let Q(X, Y, Z) = g(Q(X, Y), Z); 
T(X, Y, Z) = g(T(X, Y), Z) and Q ljk = Q{E l , Ej,E k ); T ijk = T{E u Ej,E k ), then 

Qijk = T^J^ijk + Tkij + Tkji)- (3-1) 

Let V* = V* + Q* be the dual connection of V on T*M and Q ijk = g{Q*{E i )E* j ,E* k ), 
then Q ik j = —Qij k . V* induces a connection on A P T*M. We still denote it by V*. 
Let the Bochner Laplacian with torsion be 

d 

i=i 

Let r(y, x) : — > be the parallel transport along the geodesic curve from x to y 
associated to the connection V*. Define the oriented frame field E x '* over the patch V 
by requiring that E?' (x) = E*(x) and that E x ' be parallel along geodesies through 
x associated to the connection V . Let z be the normal coordinates for the center x. 
Let 

E x '*{z) = E x '*(z)V(x, z); ¥(x, Tx) = (3.2) 
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Nextly, we compute the Taylor expansion of \I/(x). Let Q*E x '*(z) = E x '*(z)A x (z) and 
L(x) = A x (0), then 

Q*E*(x) = E* (x)L(x), L(E k )ij = Q kji . (3.3) 

Let 7 be the geodesic curve from x to z. By V^'*E X '* = 0, V* / E x '* = and (3.2), we 
have 

(x, 7 (t)) + A x (<y(t)Mx, 7 (t)) = 0. (3.4) 
By j(t) = tz; 7 = E"=i^'4' 

d rH> d 8 

E ^- (x, te)z; + E ^(^-)(te)*(x, te) = 0. (3.5) 

3=1 OZ 3 j=l " -J 

By \I/(x, 0) = id and setting t = 0, we get 

d fNf d r) 

E ^t(*> + E ^ x (^t)(°) = °- ( 3 - 6 ) 

j=l J j=l 3 

Taking the derivative about t and setting t = 0, we get 

d F) 2 ~$> d f) fM> d dA x (—) 

E a^ (x ' 0) ^' + E ^ x fe)(°)^(*'°) + E a^-W = °- 

ij=l O'^C^ j J= i * i,j = l OZl 

(3.7) 

By (3.6) and (3.7), we have 

*{x,z)=Id-j^z j A*{^-){Q) + \ E ^(^)(0)^(^)(0)^- 

i d 9A X (J-) 
~2 E**J g z (Q)+Q(kl 3 )- (3.8) 

Let Tx = exp x (X)i = i UiEi(x)) and x = (a, c) be the orthogonal coordinates in 
[LYZ,p.574], then by the proposition in [Yu,p.84], we have 

m = 0(\cf), l<i<n, m = cT7 t - c;_ n + 0{\c\ 3 ), n + l<i<d, (3.9) 

where c = (ci, • ■ • , c"d_ n )A Then 

¥(*) = ¥(*,„)=/*- E V^)(0) + ^ E ^(7^)(°)^(^)(°)^ 

j=n+l 3 i,j=n+l 3 * 



"2..E ^-(0) + O(|«| s ). (3.10) 
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We know that 

A*( A)( ) = A*(0)(E 3 (x)) = L(x){Ej(x)), (3.11) 

^1 {0) _ g^) (0) = «ca> (0) , „ + , < „, < d , (3 . 12) 

L{E j )=L{E j ){a,V>)+ ]T ^^(a, 0)c^ n + 0(|c| 2 ), (3.13) 



i=n+l 

SO 



dci—j. 



m{x) = Id- ]T u 3 L{E 3 )(a,Q) - Y ^^{a,Q)ci- n Uj 

j=n+l i,j=n+l l ~ n 

+ l - Y M^)(«,0)L(^)(a,0Ku,-i Y ^^(a,0)u iUj +O(\c\ 3 ). (3.14) 

i,j=n+l i,j=n+l 1 n 

By 

«i = -yi_ n + 0(|y| 3 ), Ci- n = B ijyj _ n + 0(\yf), n + 1 < i, j < d, (3.15) 
we have 

d dr(E) 
V{x)=Id+ Y yj-nL(Ej)(a,0) + Y a J {a,0) yj - n B ik y k _ n 

j=n+l i,j=n+l 0Cl ~ n 

+\ Y L(E t )(a,0)L(E j )(a,0)y t . n y^ n -l Y ^^(a,0)y i . n y j . n + O(\y\ 3 ). 

Z i,j=n+1 Z i,j=n+1 OCi - n 

(3.16) 

By (3.2), 

E x '*(Tx) = E*(Tx)e-^ x ^(x). (3.17) 

Let 

T(Tx,x)[(a(x),c)} = [(a(Tx),T*(x)c)}. (3.18) 

Let bi(T,a) denote the equivariant heat kernel coefficients of the Bochner Laplacian 
with torsion. Similar to the discussions in Section 2, bo(T,a) = bo(T,a). Similar to 
(2.18), we have 

h(T,a) = \detB\ jc + tr[A p i](^ + ±p kk 
+^R iksh B ki B hs + -RikthB kt B hi - R ka haB ks B hs )^j . (3.19) 

where 

C = a y (tv[T*r(T{x), x)])\y=o = ti[A p (Ae'^^ (x))] := tr[A p W]. (3.20) 
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So 



d—n 



d 2 



c = E E E c:-£^F^---wvji,=o 



d—n 



8=1 l<i 1 <---<jp<d; 1 ,---,i p 



E E E £ h,---,i P 

8=1 l<i 1 <---<i p <ci/ 1 ,---,ip 



^ _ <9W Z i dWi i 

2 E w hh ^^•■■^ 



Kmi<m2 <p 



9yj 



E w hil -- d2w ^ ---w, 



l<m3<p 



^^1 



\y=0 



By (3.3) and (3.16) 



dys 



=0 Qs+n i mi e'i 



then 



d d 

=0 = 2 E Qs+n ba,jBjS+n + E Qs+n a ± aQs+n bai — Q<5+n 6a,<5+nj (3-21) 
j=n+l oi=l 



=0 = -A E i mi Qs+ 



(3.22) 



m 3 m 3 



y=0 — ^£iim.3 [^W-^W-^ii^^-mei-Rriimimg ~l~ 2 ^ ' Qs+n im- i £i,jBj8+ 



+ E <3<5 

ai=l 



j=n+l 
-n i m ,ei,<$+n]- 



(3.23) 



So 



d—n 



^ = E E E 4;:;t 

<5=1 l<ii <---<i p <d /i ,---,/ p 



2 E "^JlU ' ' ' \liimi ' ' ' ^m 2 *m 2 ' ' ' ^Vj> 



l<mi<rri2<p 



Q(5+n i mi £l ^£2^2 Q<5+« im 2 £2 + E/ ' ' ' ^m 3 «m 3 ' ' ' Al p i p 

l<m 3 <p 



+ 2 E Q<5+ 
j=n+l 



+ E ^+ 

n aieiQ^+n i m3 ai Qs+n i m3 ei,8+r. 

ai=l 



(3.24) 



Theorem 3 The coefficient 6fe(T, a) is of the formT>k(T : a) = |det-B|&'fc(T, a) where 
b'k(T,a) is an invariant polynomial in the components of A, B and the curvature 
tensor R and the torsion tensor T and its covariant derivative at a. In particular, 
b\ (T, a) are determined by (3.24) an d (3.19). 
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In the following, we define another Bochner's Laplacian with torsion and compute 
its equivariant heat invariants. Let 

A = " E(V^ V* Ei - V£ ) = A + QnjEj + F. 



i=i 



Let V = V — ^(Q(Ei)Ei)* be a connection on AT P M associated to a connection 
V = V - ±{Q(Ei)Ei)* on T*M. Then A is a generalized Laplacian associated to 

the connection V. In this case, L(x) = —-^(Q(Ei)Ei)* and L(Ej) = —^Quj- By 
Proposition 3.3, 3.5 and 4.3 [Dol], we have 

ui(x, x) = ^ - ^Tkjkj - jT kjk Ti jh (3.25) 

h(T, a) = \detB\ |c + tr[A p l](^ - ^T kjkJ - ^T kjk T ljt + ^p kk 

11 } 

+-^R iksh B ki B hs + -Ri k thB kt B hi - R ka ha.B ks B hs ) > . (3.26) 

dWi miimi 1 

<%5 L ^ =0 = 2^>^ im i lm i Q iiS + n > (3.27) 

<9 2 TF* j l 



a 2 3 3 ll/=0 — ^£1^3 J ^rlBlsB v ^A m£l R rvm i m3 + ^4j m3 i m .J E Qii6+n,jBjg +n 

' P j=n+l 

US+nQ kk6+n ~\~ 



+ ^-2Qii5+nQkk5+n + 7^Qii8+n,5+n] ■ (3.28). 



So 



d = H E E 4;:;t 

<5=1 l<ii<-<ip<d/i,---,/ p 



c 2 

" Kmi<m2<P 



+ E] -^-iiu ' ' ' ^-im 3 im 3 ' ' ' Ai p i p ■ A £l i m3 [A r iBi$B v $A m£l R rvm i m3 

d 1 1 

■ • • Ai pip (— E Qii5+n,jBjS+n + -^QiiS+nQkkS+n + ^Qi^+n^+n)]- (3.29). 

Theorem 4 T/ie coefficient b k (T,a) is of the form b k (T,a) = |det-B|6'fc(T, a) where 
b' k (T,a) is an invariant polynomial in the components of A, B and the curvature 
tensor R and the torsion tensor T and its covariant derivative at a. In particular, 
bi(T,a) are determined by (3.26) and (3.29). 
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4 The equivariant Gilkey-Branson-Fulling formula 

Since T is a preserving orientation isometry, then T* commutes with d, 8 and A, 
so T* preserves the Hodge decomposition. Let 

A^ = A^\ lmd ; Af = A(P)\ lm5 

and for each t > 

(p) (p) 

f T (t,d^) = Tr(T*e- tA d ); fr(t, 6<P>) = Tr(T*e' tA ^ ), 

= Tr(T*e-* A(rt ); T , p = Tr(T*| kcr(A(p)) ). 
Then we have via the Hodge decomposition theorem: 

/ T (t,Ato) = /3t, p + MM (p) ) + /tM (p) ). (4.1) 

Similar to the nonequivariant case, we have 

f T (t,d^) = f T (t,6^). (4.2) 

By (4.1) and (4.2), we have 

f T (t,6V) = ^(-l)"[/ T (t,A«) - p Td }. 

3<P 

On the other hand, 

f T ( t ,d^) = f T (t,6^)= Yl (-in/T(t,A^)-^]. 

j<p-i 

Let £)(p) = a 2 cW + 6 2 <M acting on A p where a ^ 0, b ^ 0. If we make the same 
computations for operator we obtain 

f T (t, D&) = Tr(T*e-* D(p) ) = /? T , P + /r(a 2 t, d (p) ) + f T (b 2 t, 6®) 

= f T {b\ AW) + ^(-l)^[/ T (6 2 t, A«) - / T (a 2 i, A»)]. (4.3) 

By Lemma 1.8.2 in [Gil], we have 

oo 

f T (t,D^)=^(^tr^^ tkb N4 D{p) ) 

oo 

f T (b\ AO")) = £ (47rt)-^6-^ £*%,*( A(j) ) &2fe 
iven fc=o 

oo 

/r(a 2 t, A«) = 2 (4^)-^a-»- £ W 
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By equating coefficients of t in the asymptotic expansion in (4.3), we get 
Theorem 5 

E i^r^bl^D^) = b» J2 (4*)-^ >I+ »*(A«) 
Nen 2 wen 2 

+E(-ir j (^ -« 2 ') E (^-^^^(a®). (4.4) 

i<P wen 
Remark 1. If = constant and taking I = — then we have 

E ^, p (p) ) = b- n e ^,o(a (p) ) + E(-ir j r n - «~ n ) E ^,o(a (j) ). 4.5) 

Nen Nen j<p Nen 

If tin = constant and taking I = — ^ + 1, then we have 

E bi^)) = £ ^(aW) + E(-ir j r n+2 - «- +2 ) E ^i( A(J) )- 

(4-6) 

Remark 2. Let M be a Kahler manifold and T preserve the orientation and the 
canonical almost complex structure, then T* commutes with d,d,d*,d . Similar to 
Theorem 3, we can get the equivariant version of the expression of heat kernel coef- 
ficients of nonminimal operators on Kahler manifolds in [AV]. 
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